Abstract: In a class of multidimensional models, topology of a thick brane provides three chiral fermionic families with hierarchical masses and mixings in the effective fourdimensional theory, while the full model contains a single vector-like generation. We carry out numerical simulations and reproduce all known Standard Model fermion masses and mixings in one of these models.
Introduction
One of interesting features inherent in the theories with more than four spacetime dimensions is a possibility to explain the mysterious pattern of fermion mass hierarchies [1, 2, 3] (see also review [4] and references therein). In the previous series of works [2, 3, 5] , we have constructed a model in which a single family of fermions, with vector-like couplings to the Standard Model (SM) gauge groups in 6 dimensions, gives rise to three generations of chiral Standard Model fermions in 4 dimensions. This mechanism is based on localization of fermion zero modes on a two-dimensional vortex with winding number n. In particular, in the paper [2] the case of global vortex (i.e. group of symmetry of the vortex U g (1) is global) with winding number n = 3 was considered. In this setup three localized fermionic zero modes appear due to specific Yukawa coupling to the vortex scalar Φ. Coupling of fermions to the SM Higgs doublet H results in four-dimensional effective fermion masses. Inter-generation mixings occur due to explicit breaking of U g (1) symmetry. The latter point is the main drawback of this model since it does not allow to gauge U g (1) symmetry. In the paper [3] this problem was overcome. The price for unbroken U g (1) , however, is the necessity to invoke higher dimension operators in the scalar-fermion interactions 1 . More precisely, to obtain n fermionic generations we consider the vortex with winding number 1 but fermions coupled to the vortex scalar raised to the nth power. In both cases (global and gauged U g (1) symmetry) the hierarchical pattern of the fermion masses occurs due to different profiles of the fermionic wave functions in the transverse extra dimensions.
Namely, in Refs. [2, 3] a crude dimensional analysis has been presented which shows that hierarchical mass pattern has the form 1 :
where g is small Yukawa coupling, which yields the localization of fermionic modes. Also, in Refs. [2, 3] it has been pointed out that any exact prediction of the fermion masses (as well as a check of the Eq.(1.1)) can be obtained only numerically.
In this paper we return to the models of Refs. [2, 3] and pay special attention to a check of the Eq.(1.1). We will see that this equation literally does not hold. Namely, in the case of gauged vortex the hierarchical mass pattern takes the form
At the same time, in the case of global vortex unnatural hierarchical pattern appears. We will also evaluate fermion masses numerically. For reasonable values of parameters in the case of the gauged vortex our results reproduce SM fermionic mass pattern. Furthermore, we will obtain Cabbibo-Kobayashi-Maskawa (CKM) matrix for the same set of parameters, and see that six-dimensional theory reproduces the mixing matrix quite well.
The Setup
In what follows we restrict ourselves to the model of Ref. [3] . In this section we give a brief description of this construction. Our notations coincide with those used in Refs. [2, 3] . In particular, six-dimensional coordinates x A are labeled by capital Latin indices A, B = 0, . . . , 5. Four-dimensional coordinates x µ are labeled by Greek indices µ, ν = 0, . . . , 3. The Minkowski metric is g AB = diag(+, −, . . . , −). We use also chiral representation for six-dimensional Dirac Γ-matrices (see Ref. [2] ). Besides this we introduce polar coordinates r, and θ in the x 4 , x 5 plane. The matter field content of the six-dimensional theory is summarized in Table 1 . There are three scalar fields. One of these Φ, together with the U g (1) gauge field, forms a vortex, while two other scalars, X and H, develop profiles localized on the vortex. The potential term of the Lagrangian which gives rise to the non-trivial profiles for the scalar fields has the following form
There is also one fermionic generation which consists of five six-dimensional fermions Q, D, U , L and E. These fermions have vector-like coupling to SM gauge bosons, (a subtle issue of localization of the latters we do not discuss here), and axial couplings with the vortex background 2 (Γ 7 is a six-dimensional analog of four-dimensional matrix γ 5 ). Note that the scalar background Φ 3 , where the field Φ has the winding number one, Φ = F (r)e iθ , has exactly the same topological properties as the background Φ 1 of the vortex with winding number three, Φ 1 = F 1 (r)e 3iθ . As a result, the interactions Eq. (2.2) give rise to three left-handed (right-handed) zero modes for each of the fermions Q, L (U , D, E). All of these modes are localized in the core of the vortex 3 , and could be identified with the three generations of the chiral SM fermions. The last point, however, is not quite fair since these zero modes are massless from the four-dimensional point of view. To give small (compared to the vortex scale √ λv) masses to these modes we introduce the following interactions of the fermions with the Higgs doublet H and singlet X
3)
Finally, there is one more gauge invariant in the scalar-fermions interaction It is worth noting that to obtain small fermion masses and mixing, it is not necessary to take Y or ǫ small. Small masses and mixings originate from small overlaps of the fermionic wave functions and the scalar profiles. Now let us consider this model in more detail. First of all we will present stable nontrivial configuration for the scalars and U g (1) gauge fields. Then we will find fermion zero modes in this background. Finally, we will calculate the fermion masses and the CKM matrix.
The vortex background
As described in the previous section, in our model there are three scalar fields and one U g (1) gauge field which form a non-trivial vortex background. In this section we present a stable solution of the static field equations which meets all the requirements.
The set of the static equations to the background has the following form (prime denotes the derivative with respect to r; e is U g (1) gauge charge),
with the boundary conditions
Here we use the standard anzatz for Abrikosov-Nielsen-Olesen vortex (i, j = 4, 5)
As mentioned in the previous section, scalar-fermion interactions (2.3), (2.4) generate low energy mass terms for fermionic modes. Thus, to obtain non-zero fermion masses one should have a non-trivial solution for H(r) and X(r). On the other hand, the boundary value problem (3.1), (3.2) always adopts trivial solutions H = 0 or (and) X = 0. Fortunately, it has been pointed out in [6] , that in some region of parameters these trivial solutions are unstable. Namely, the necessary conditions to have non-trivial stable solutions are h 2 v 2 > κµ 2 and η 2 v 2 > ρv 2 1 [6] . However, it turns out that these conditions are insufficient. To clarify the situation, let us study the problem of the stability in more detail. The stability of the scalar Φ and gauge fields is guaranteed by topology. To investigate the stability of the static solution H(r) one linearizes equations of motion (3.1) and obtain Schrödinger-type problem with the potential
At large r the non-trivial solution of Eq.(3.1), H(r), has asymptotic H ∼ exp(− h 2 v 2 − κµ 2 r). So, at large enough h the Higgs profile becomes narrow compared to F (r). This means, in particular, that there is a region of r where H(r) becomes negligible while A(r) and F (r) are still almost equal to zero. Therefore, the main contribution to the potential (3.3) in this region comes from r-independent term −κµ 2 and is negative. Thus, the potential becomes not positively definite, and there may exist negative levels which mean the instability. The numerical calculations show that this is the case.
To be specific, we have chosen the following set of the parameters:
where M is a unit of mass which we will define in Section (5). In numerical calculations we assume M = 1. To solve the boundary value problem (3.1), (3.2) we have used the relaxation method [7] . The solutions for profiles F (r), H(r), X(r) and A(r) in the vicinity of the origin are presented in Figure 1 . The potential (3.3) for these solutions is positive 
Mass hierarchy: cases of global and gauged U g (1)
Now we have all ingredients to find fermionic zero modes in the vortex background and to obtain hierarchy of the low energy fermionic masses. To do this let us first briefly remind the analysis given in Refs. [2, 3] .
Let us consider first the case of global U g (1) group and one fermionic family, say Q and U . The part of the Lagrangian describing the interaction of six-dimensional spinor Q with vortex scalar Φ is
This Lagrangian is invariant under U g (1) rotations
In the vortex background, one can expand an arbitrary spinor in eigenfunctions of the corresponding Dirac operator. There is a set of massive heavy modes (with masses of order gv 3 ) and zero modes. The careful analysis given in [8, 2, 3] shows that in the vortex background with winding number one there are exactly three localized zero modes describing four-dimensional left-handed spinors. To obtain three right-handed zero modes one should consider a six-dimensional spinor U which has an axial charge −3/2 under U g (1) with the Lagrangian
These left-handed and right-handed zero modes have the form
Here p = 1, 2, 3 enumerates three modes (three fermionic generations). The radial functions q p are solutions to the following set of the equations,
with the normalization condition
The functions u p (r) satisfy the same equations with the replacement g q → g u .
Since the background radial function F (r) is not known in analytical form, Eqs.(4.4) can be solved only numerically. We will present the numerical results hereinafter, now, however, let us consider the equations in more details.
We are interested in obtaining low energy fermion masses which originate from the integration over extra dimensions of the following expression
Substituting here the zero modes (4.3), and integrating over polar angle θ one finds
To evaluate this integral we take into account that the functions H(r) and X(r) are localized inside the vortex. So, the integral (4.7) is saturated near the origin, and therefore only the behavior of the zero modes at r → 0 is relevant. It is easy to find from equations (4.4) that q p ∼ r 3−p at r → 0, however, it is not so easy to obtain the dependence on g q of the zero modes. To obtain the dependence on small Yukawa couplings g of the fermion masses we should take into account the normalization condition (4.5) and investigate the behavior of the zero modes near the origin more carefully. To do this let us consider the following simplified model. Let us approximate the vortex background by the functions
These functions have the correct behavior at the origin and at infinity. So, this is a reasonable approximation. The zero mode equations (4.4) with the background Eq.(4.8) have analytical solution in terms of modified Bessel functions. However, to clarify the picture, we present here only the leading dependence on g of the solutions at r < 1 (which is only relevant for our purposes), and exact solutions at r ≥ 1:
To find the dependence on g q of the coefficients C andC let us assume that the normalization integral (4.5) is saturated at r ≥ 1. Then substituting the solutions (4.9) into the condition (4.5) one has C ≃ C m ≃ g 5/2
q . Thus, from the continuity of the solutions at r = 1, we find thatC 1,2 ≃ g 2 q andC 3 ≃ g q . This means in particular that our assumption is indeed valid: the normalization integrals at r < 1 are of order g 2 q and can be neglected. Now we can find the mass pattern in this simplified model. Substituting the solutions (4.9) and background (4.8) into integral (4.7) we have the following dependence on g q,u of the fermion masses,
We see that m 11 and m 22 are parametrically of the same order, and therefore there is no hierarchy in the case of global U g (1). This result was confirmed by the numerical evaluation of the zero modes and the integral (4.7).
Gauged
Let us concentrate now on the case of the gauged U g (1) . In this case the equations for the zero modes can be obtained from (4.4) by the replacement
Therefore, all dependence of the zero modes on the gauge field can be absorbed into a factor
Approximating the gauge field as
we find the following zero modes
The situation changes drastically compared to the global U g (1) group. The continuity at r = 1 results in the following relations betweenC p and C, C m :
(4.14)
Using the normalization condition (4.5) one obtains that the main contribution to the integral (4.5) for the second mode comes from r > 1, and, so, C m ∼ g q . However, the normalization integral for the first and third modes is saturated now in the core r < 1 by the third mode. Thus, C ∼ g which was announced in the Introduction. In the same way one estimates mixing terms from the Lagrangian (2.4)
Of course, the vortex background obtained numerically differs from our crude approximation. In particular, one can see from scalar F (r), and even far outside the core is almost equal to zero. So, our approximation (4.12) is not quite appropriate. One may expect that in the real background (Fig. 1 ) the g-dependence of the mass pattern is more resembling with the dependence in the case of the global U g (1) group (4.10) when A(r) = 0. However, the numerical calculations show that the mass pattern depends weakly on the width of the gauge field. We present in Fig.  2 five non-zero elements of the mass matrix (4.16), (4.17) divided by the corresponding power of g in the case g = g q = g u . We see that m ps /g (6−p−s)/2 indeed depend weakly on g in the wide interesting range.
Results for Standard Model fermions
Now we are ready to find the set of the parameters of the our model (Y , ǫ, g) which reproduce the real SM fermionic mass pattern.
To do this, one has to find eigenvalues of the mass matrix m u ps (Y u , ǫ u , g q , g u ), to equate the result with known fermion masses, and to obtain three equations on four unknown variable, Y u , ǫ u , g q , g u . However, even to solve numerically these equations is not an easy problem. The point is that to find the solution one has to obtain the mass matrix m u ps in some range of the parameters, which requires in turn the calculation of the zero modes (solving the Eqs. (4.4)) at each value of g. Fortunately, there is a simpler way. First of all, note that the mass matrix is proportional to Y u, (d,l) , and, therefore, any ratio of the masses does not depend on Y u, (d,l) . Forming two ratios of the masses one obtains two equations on three variables ǫ u , g q , g u . The second simplification is to use the established dependence of the mass matrix on g and ǫ (4.16), (4.17) . After this the obtained equations can be easily solved. In fact, in the quark sector the situation is more complicated since besides the mass matrix for up-quarks, there are also the mass matrix for down quarks and the CKM matrix. Therefore, we have seven equations (four equations for the mass ratios and three equations for CKM angles) on five parameters (g q , g u , g d , ǫ u , ǫ d ). In our simulations we have used five of seven equations to reproduce correct mass ratios and one element of the CKM-matrix (U CKM
33
). As a result we have obtained
Having at hand these parameters, one can find two other independent elements of the CKM-matrix, but, in general, we could not expect that they will coincide with the known values. However, we have obtained the following CKM-matrix In the leptonic sector the correct mass ratios are reproduced at g l = g e = 0.01, ǫ l = 0.75.
To find Yukawa couplings Y we should first of all understand how the obtained dimensionful parameters (that is all parameters except ǫ) correlate with the absolute energy scale. Let us assume that the first non-zero fermion level is of order 100TeV. It means that gv 3 ≃ 100TeV. Substituting here g = 0.001 and v = 1 one finds our units:
With this relation, one can convert all parameters measured in our units to the absolute mass scale: It is worth noting that we do not obtain any additional hierarchy: all dimensionless combinations of the our parameters are of order unity. For instance, g 
Conclusions
In a class of multidimensional models with one vector-like fermionic family, the low-energy effective theory describes three chiral families in four dimensions. Hierarchy of fermionic masses appears due to different profiles of the fermionic wave functions in extra dimensions. In this paper we have investigated numerically one of the models of this kind. Namely, we considered the model suggested in [2] and [3] . We have shown that hierarchical mass pattern indeed appears in the model [3] with the gauged U g (1) group which is responsible for the forming of Abrikosov-Nielsen-Olesen vortex, but the dependence of the mass matrix on the parameters is slightly different than it was presented in the Refs. [2, 3] . On the other hand, in the case of global U g (1) unnatural mass pattern appears. In the gauge case we found the set of the parameters of the model which reproduces well all known fermion masses and mixings, without hierarchy among parameters. Moreover, in SM quark sector we have reproduced the nine known values (six masses and three mixing angles) by the variation of the seven parameters of the model: three couplings g u,d,q , two ǫ u,d , and two Yukawa couplings Y u,d .
